Let A be an abelian topological G-module. We give an interpretion for the second cohomology, H 2 (G, A), of G with coefficients in A. As a result we show that if P is a projective topological group, then H 2 (P, A) = 0 for every abelian topological P -module A.
Introduction
Let G be a topological group and A an abelian topological group. It is said that A is an abelian topological G-module, whenever G acts continuously on A. For all g ∈ G and a ∈ A we denote the action of g on a by g a. Suppose that A is an abelian topological G-module. Hu [4] showed that if G is Hausdorff, then there is a one to one correspondence between the second cohomology, H 2 (G, A), of G with coefficients in A and the set, Ext s (G, A), of all equivalence classes of topological extensions with continuous sections. Thus, H 2 (G, A) induces a group structure on Ext s (G, A) and consequently, under this group product, H 2 (G, A) is isomorphic to Ext s (G, A). It is known that Ext s (G, A) with Baer sum is an abelian group and the Baer sum on Ext s (G, A) coincides with the group product induced by H 2 (G, A). In other words, if G is Hausdorff then, H 2 (G, A) is isomorphic to Ext s (G, A) with Baer sum [1] . Similarly, we define Opext s (G, A) and we conclude the same result without Hausdorffness of G, i.e., there is an isomorphism between H 2 (G, A) and Opext s (G, A). By using the concept of projective topological group we introduce the notion of a standard simplicial kernel of a topological group G.
in section 2, we prove that every Markov (Graev) topological group is projective and also we show that projectivity in the category of topological groups is equivalent to F-projectivity in the sense of Hall [3] . In addition, we introduce the notion of a standard simplcial kernel of a topological group G. Finally, we define Opext s (G, A) and we conclude that H 2 (G, A) ∼ = Opext s (G, A), with Baer sum.
In section 3, we give a characterization of H 2 (G, A), when A is an abelian topological G-module. As a result, we show that if P is a projective topological group then H 2 (P, A) = 0, for every abelain topological P -module.
2 Standard Projective Simplicial Kernels.
In this section, we introduce the notion of a standard projective simplicial kernel of a topological group G.
Definition 2.1. A topological group P is said to be a projective topological group if, for every continuous epimorphism π : A → B, where π has a continuous section, and for every continuous homomorphism f : P → B, there exists a continuous homomorphism g : P → A such that the following diagram is commutative
If X is a topological space, then the (Markov) free topological group over X is the pair (F X , σ X : X → F X ) in which F X is a group equipped with the finest group topology such that σ X is continuous. Such a topology always exists [8] , and has the following universal property: every continuous map f from X to an arbitrary topological group G lifts to a unique continuous homomorphismf , .i.e.,f • σ X = f . Similarly, one can define the Graev free topological group, (F (1) The Markov (Graev) free topological group over a (pointed) topological space X ((X, e)) is the free group with the same canonical map over the (pointed) set X ((X, e));
is Hausdorff if and only if X is functionally Hausdorff; (3) σ X (σ * X ) is a homeomorphic embedding if and only if X is completely regular; (4) σ X (σ * X ) is a closed homeomorphic embedding if and only if X is Tychonov.
The elements of free group, F X , over a set X is denoted by |x 1 | ǫ1 ...|x n | ǫn , where ǫ i = ±1. This notation is useful whenever X is a group. Lemma 2.2. Every Markov (Graev) free topological group is a projective topological group.
Proof. Assume that F is a Markov free topological group over the space X, and let π : A → B be a continuous epimorphism having a continuous section s and f : F → B a continuous homomorphism. Then, there is a unique continuous homomorphismf : F → A such that the following diagram is commutative
Hence, sf =f on X. So, πf = π(sf ) = (πs)f = f on X. Since X generates the group F , then it is easy to see that πf = f . Consequently, F is a projective topological group. Now, Let X be a topological space with a fixed point e ∈ X. Assume that F * is the free topological group in the sense of Graev over (X, e), and let π : A → B be a continuous epimorphism with continuous section s : B → A. We can assume that s is a normal section, i.e., s(1) = 1, since it is enough to define the new continuous sections :
In fact, since e is the neutral element of F * , then f (e) = 1. Thus, sf (e) = 1. Hence there exists a unique continuous homomorphismf : F * → A such that sf =f on X. The rest of the proof is the same as the first part.
Note that the free functor F (−) from the category, T , of topological spaces to the category, T G, of topological groups is left adjoint to the forgetful functor, G : T G → T . Let F be the class of all continuous epimorphisms having a continuous section. Thus, by [3, Theorem 2] one can see the following: Remark 2.3. A topological group P is F-projective if and only if P is projective. Definition 2.4. Let M , F and G be topological groups, and let ι 0 , ι 1 : M → F and τ : F → G be continuous homomorphisms. It is said that (M, ι 0 , ι 1 ) is a simplicial kernel of τ , whenever τ ι 0 = τ ι 1 and it has the following universal property:
if  0 ,  1 : K → F are continuous homomorphisms and π 0 = π 1 , then there exists a unique continuous homomorphism h : K → M such that  0 = ι 0 h and  1 = ι 1 h, i.e., h commutes the following diagram.
is said to be a projective simplicial kernel of G, if P is a projective topological group and τ is a continuous (open) epimorphism which has a continuous section s : Proof. The proof is a standard argument.
For any topological group G there exists at least one projective simplicial kernel of G. Since the identity map Id G : G → G lifts to a unique homomorphism τ G :
The uniqueness property implies that τ G is a map by the following rule:
is a projective simplicial kernel of G and we call it the standard Markov simplicial kernel of G. By a similar way we can define the standard Graev (projective) simplicial kernel of G.
Suppose that (M, ι 0 , ι 1 , τ ) is a projective simplicial kernel of G. We sometimes denoted it by the following
is a standard projective simplicial kernel of G, then put ∆ P = {(x, x)|x ∈ P } ⊂ M . Now, let A be an abelian topological G-module. Obviously, A is a topological P -module via τ and a topological M -module via
Obviously, η is well-defined and since A is an abelian group, then η(α.β) = (α.βι 0 )(α.βι
Therefore, η is a homomorphism. Clearly, η induces a congruence equivalence relation ∼ in Z 1 (M, A). In other words, for α, β ∈ Z 1 (M, A), the equivalence relation ∼ is defined as follows: α ∼ β whenever there is γ ∈ Der c (P, A) and β = γι 0 γι
Definition 2.7. It is said that a short exact sequence
One can easily see that for each g ∈ G and a ∈ A, the element g a dose not depend on the choice of continuous sections. Now, let A be an abelian topological G-module. We denote by opext s (G, A) the set of all proper extensions of G by A having continuous sections and corresponding to the given way in which G acts on A. We define an equivalence relation ≡ on opext s (G, A) as follows: A) for i = 0, 1. e 0 ≡ e 1 whenever there is a continuous (open) homomorphism θ : E 0 → E 1 so that the following diagram is commutative.
We denote the set of all equivalence classes by Opext s (G, A). Note that if G is Hausdorff, then Opext s (G, A) = Ext s (G, A). One can verify by a similar argument as in [1, 4] that we have the following.
Theorem 2.8. Let A be an abelian topological G-module, then H 2 (G, A) in the sense of Hu, is isomorphic to Opext s (G, A) with Baer sum.
the Main Theorem
In this section we will prove the main theorem. Sometimes we denote the inclusion maps and epics by the arrows ֒→ and ։, respectively. Let A be a topological G-module. Thus, under the action (g, a)
φ → g a we may consider the topological semidirect product A ⋊ φ G (see [7, Section 6] ). Theorem 3.1. Let A be an abelian topological G-module and let (M, ι 0 , ι 1 , τ ) be a standard projective simplicial kernel of G. Then,
Proof. By Theorem 2.8, it is enough to show that
Since A is a G-module, then A is a P -module via τ . Thus, we may consider topological semidirect product A ⋊ P . Now, we define a relation ∼ in the semidirect product A ⋊ P , as follows (a, x) ∼ (b, y) if and only if τ (x) = τ (y) and aα(x, y) = b.
Obviously, ∼ is reflexive. Let x, y and z be arbitrary elements of P such that τ (x) = τ (y) = τ (z). Then
since,
Hence, by (3.1), aα(x, z) = aα(x, y)α(y, z) = bα(y, z) = c. This implies that ∼ is transitive. By (3.1), we have:
If (a, x) ∼ (b, y), then τ (x) = τ (y) and aα(x, y) = b. Thus, a = bα −1 (x, y) = bα(y, x). Consequently, ∼ is an equivalence relation in A ⋊ P . Now, Define N α = {(a, x)|(a, x) ∈ A ⋊ P, (a, x) ∼ (1, 1)}. Then, by the definition of ∼ and the identity (3.2), we have
Denote by E α the quotient space (A ⋊ P )/ ∼. We show that ∼ is a congruence (i.e., ∼ is compatible with the group product) and therefore E α is a group.
Thus, E α is a group. It is clear that E α = (A ⋊ P )/N α . This implies that N α is a normal subgroup of A ⋊ P . Therefore E α is a topological group.
There is a diagram as follows:
where
It is obvious that σ and β are continuous homomorphisms. Consider the continuous map φ :
We know that τ has a continuous section s :
Thus, by definition of N α , we get a = α(1, 1) = 1. Therefore σ is one to one.
On the other hand, if ψ(a, x)N α = 1, then τ (x) = 1 and σ(aα(x, 1)) = (a, x)N α , i.e., Kerψ ⊂ Imσ. Therefore, Imσ = Kerψ. Now, we prove that σ is a homeomorphic embedding. Define the map χ : A ⋊ P → A via χ(a, x) = aα(x, sτ (x)s(1) −1 ). Obviously, χ is continuous. It is clear that (A × {1})N α is a topological subgroup of A ⋊ P and (A × {1})N α = {(a, x)|a ∈ A, x ∈ Kerτ }. Takeχ = χ| (A×{1})Nα . Thus,χ is continuous andχ(a, x) = aα(x, 1). Note thatχ is a homomorphism, becausê χ((a, x)(b, y)) =χ(ab, xy) = abα(xy, 1) = abα(x, 1)α(xy, x)
It is clear that Imσ = ((A × {1})N α )/N α . We have ξ • σ(a) = a and
Thus, σ|
Imσ : A → Imσ, σ| Imσ (a) = (a, 1)N α , is a topological isomorphism. Therefore, σ is a homeomorphic embedding.
Denote by e α the extension 0 → A A) . Since s : G → P is a continuous section for τ , then β • s is a continuous section for ψ and
In addition, σ is one to one, thus the extension e α induces the given action of
Consider the map ζ :
Obviously, ε is continuous, and
Hence, (aγ −1 (x), x) ∈ Nᾱ, i.e., ε(N α ) ⊂ Nᾱ. Thus, ε induces the continuous homomorphismε :
Suppose that the extensions e α : 0 → A σ → E α ψ → G → 1 and eᾱ : 0 → Aσ → Eᾱψ → G → 1 are corresponding to α andᾱ, respectively. We show that the following diagram commutes.
We will prove that Θ is a bijective map.
Let e : 0 / / A σ / / C ψ / / G / / 1 be an extension with a continuous section s : G → A and corresponding to the given way in which G acts on A. Since P is a projective topological group, then there is a continuous homomorphism β so that Corollary 3.2. Let P be a projective topological group, then H 2 (P, A) = 0, for every abelian topological P -module A. In paricular, for every Markov (Graev) free topological groups F , H 2 (F, A) = 0, for every abelian topological F -module A.
Proof. It is clear that (∆ P , ι 0 , ι G , Id P ) is a standard projective simplicial kernel of P . Thus, every continuous crossed homomorphism α : ∆ P → A is the zero map. Consequently, H 2 (P, A) = 0.
Thus, we have discovered a general result of [4, (5.6) ].
